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Thermal Contacts in Transient States: A New Model and
Two Experiments

Alain Degiovanni,* Anne-Sophie Lamine,} and Christian Moyne}
Unité de Recherche Associée, 54504 Nancy, France

In the present paper a model of thermal contact in transient state using the notion of ‘‘thermal quadripoles”
is presented. This model takes into account two particular aspects of the transient state: the establishment of
the heat flow lines and the heat capacities of both contact spots and interstitial fluid. Two experiments in steady
periodical state are shown: one deals with real contacts, whereas the other concerns a macro-contact. The latter
shows good qualitative agreement with the proposed model. In the real contact case, satisfactory agreement is
obtained for the 0-0.02 Hz frequency range; for the 0.02-0.1 Hz range, differences are observed and stay yet

unexplained.
Nomenclature

a = heat diffusivity
A, B, C, D = quadripole coefficients
A, = coefficient [see Eq. (16)]
F, = coefficients {see Eq. (18)]
f = frequency
Jo, J4 = Bessel functions of order 0 and 1
k = Laplace parameter (= \Vp/a)
L thickness
p Laplace variable
q heat flux density
r, R radius

constriction resistance per unit area
constriction resistance

spot radius

(thermal) resistance

cross-sectional area
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s = cross section of the contact spot

T = temperature ~

t = time

x = space coordinate

Z, = constriction impedance per unit area

z. = constriction impedance

a, = roots of transcendent equation J,(a,R) = 0

A, = coefficients [see Eq. (16)]

é = thickness of the contact spot

0 = Laplace transform of the temperature

¢ = Laplace transform of the heat flux density
or phase angle

o = Laplace transform of the flux

A = heat conductivity

Subscripts

a = contact spot
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f = fluid
s = solid
Superscript
- = average
1. Introduction

GREAT number of theoretical and experimental studies
have been carried out on thermal contacts in steady-state
conditions,!~* but little has been done in transient regimes
where difficulties arise at both the theoretical and experi-
mental level.
A bibliographic search for works in the transient case’ shows
that no precise study has been made of the time variation of
the constrictions.

II. Model of Thermal Contact in Transient State

A. Notion of a Thermal Quadripole

A plane layer in steady-state conditions reduces to a thermal
resistance. In the same manner, the layer in transient state
conditions may be strictly modeled by a thermal quadripole
which links Laplace transforms of input (subscript 1) and
output (subscript 2) temperatures (6) and heat fluxes (P) (see
Fig. 1).

One can use, for example, the matrix notation

(&) - (€5) (&)
(e5)

denotes the inverse transfer matrix and A = D = cosh(k L);
C = AkS sinh(k L); B = (A D — 1)/C, where k = V/pla
(with p = Laplace variable); L = wall thickness; a = wall

diffusivity; $ = wall cross-sectional area; and A = wall heat
conductivity.

1)

where

1y b2
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Fig. 1 Thermal quadripole of a ‘“‘wall.”
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B. Thermal Quadripole Related to a Constriction

1t is well known that in steady-state conditions, the notion
of thermal resistance can only be used rigorously in particular
systems composed of a heat flux pipe limited by two iso-
thermal surfaces (see Fig. 2a).

Nevertheless, in the case where the surfaces are not iso-
thermal, one often defines,%” the thermal resistance (r,) by

TI-—T2=r,quS )
1

where T,, T, are the average temperatures of surfaces S, and
S,, and g the local heat flux density on surface S,. In this case,
the thermal resistance is not an intrinsic property of the me-
dium and depends on the boundary conditions on S, and S,.

The same generalization is used in transient state condi-
tions. To make this approach more explicit, the elementary
heat flux pipe of Fig. 2b is studied here. The temperature
field is the solution of the following system:

#T 19T  #T _ 14T -
X2  ror a:  ad
oT
= —_ = 4
for r=R Pw @)

for x=L——Ag=q(r,t) if 0<r<r, 5)
if ro,<r<R

for x = 0 Any boundary condition independent of r

(6)

t=0 T=0 ™

As well as in Sec. II.A., a quadripole can be associated to
this problem:

8, = Ab, + B®, (8)

S (?1)

$2(T)
¢

ar, = (Tx - Tz)/q’

-r‘o

b) constriction model

Fig. 2 Heat flux pipe.

®, = Cb, + D, ©
where
- 2 JR
6, = R_2 . 0._.qrdr (10)
. 2 j"’
8, = r_%, , 8., rdr (11)
R
D, = 211L (—Ag—g) rdr (12)
x=0
n
D, = 21-1'J’0 (—A gg) rdr (13)
x=L

In our notation, @ denotes the Laplace transform of tem-
perature T. As in steady-state conditions, the terms A, B, C,
D, depend on the boundary conditions at x = 0 and x = L.
In fact, whenever the medium is assumed sufficiently thick,
the type of condition at x = 0 does not modify heat transfer.
As shall be proved later, the condition (L > R), which is
always verified in practice, is sufficient. Therefore (for L >
R), the quadripole becomes an intrinsic property of the me-
dium and each term of the transfer matrix is independent of
the boundary conditions and can be calculated separately. Of
course the same problem appears at x = L but a preceding
study® has shown the weak influence of the boundary con-
dition [Eq. (5)].

It is then possible to calculate the terms of the quadripole
by choosing convenient conditions at x = 0.

For 6, =0

B= —8,/0, and A = &/, (14)
For®, =0
D = 6,8, and C = @8, (15)

The system (3)-(7) may then be solved using particular
boundary conditions at x = 0. The conditions T = 0 and
aT/ax = 0 are chosen here.

For both conditions, an analytical solution is obtained by
applying Laplace transform on time, and separating the space
coordinates.

For the first condition, the general solution of Eq. (3-7),
is

0(x, r) = Agsinh(kx) + 2, A,Jo(a,r) sinh(y,x) (16)
n=1
with

n
ZL ro(r) dr
" — Mk cosh(kL)R?

2Lm re(r) Joa,r) dr

A =
" - A'Yn COSh(’YnL)RZ',(z)(anR)

where k = Vpla; ¢(r) is the Laplace transform of the local
heat flux density q(r, t); J, and J, are Bessel functions of order
0 and 1; (a, R) are the roots of J, (@, R) = 0; y2 = a} +
k2. The terms A and B are derived using Eq. (14).
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For the second condition, the general solution of Eqs. (3—
7) is found by changing the “cosh” for“sinh” and conversely,
applying Eq. (15) yields the expressions of terms D and C.

Hence, the final expressions of the quadripole terms are

A = cosh(kL) 17
B = sinh(kL)/(wR?Ak)
+ >, F,cosh(kL) tanh(y,L) (18)
n=1
C = wR?Ak sinh(kL) (19)
D = cosh(kL)
+ >, F,wR*Ak sinh(k L)cotanh(A, L) (20)
n=1
with

ro
21,0 7o) [ re(r) o) ar
F, = o (21
A, ro Ry, R) [ ro(r) ar

The equation (A D — B C = 1), which is characteristic of a
passive quadripole, is only verified if

tanh(y,L) = cotanh(y,L) = 1 (22)

As the first zero of J, is j;, ; = 3.83, condition (22} is fulfilled
as soon as L/R is greater than 1 (tanh(j,, ,) = 0.999). Fur-
thermore, the most restrictive condition, since y2 = a2 +
pla, is obtained for p = 0, that is to say in the steady-state
regime.

In that case, the above quadripole appears to be the product
of two quadripoles, the first being related to the unperturbed
medium of thickness L (the “wall”’), whereas the second one
is characteristic of the constriction of the heat flux lines

A B _ A/ BI AII BII
[C D] - [CI Dl:l [CH Dn] (23)
with
A' = D' = cosh(k L)
C' = 7R? Ak sinh(k L)
B = (A" D - 1)/C
and
A// —_ DH = 1
=0

B"= > F, =1z,
n=1

The quadripole associated with the constriction of the heat
flux lines appears as an impedance (z,.) since it has the fol-

lowing form:
1z,
[0 1] (24)

This very general result may be extended to other geo-
metrical shapes (cylinders with square or rectangular base for
example) and to the particular case of steady periodical con-

ditions using the complex notation and substituting p for
(2wfi).

For example, when the cell radius R is larger than the
contact spot radius ,, the expression of the impedance z, may
be found assuming that heat is supplied at x = L with an
uniform rate g(¢) over the circular area of radius r,. The
demonstration is given in the Appendix. The impedance z, is
given by

2 [*J3(e) 1
VET Pt

c

TArg Jo € (25)

The constriction impedance z. appears to be an increasing
function of time from 0 to

2 (" J¥e) de __8
3m2Ar,

= (26)

ATy Jo £

which is the value of the constriction resistance obtained in
steady-state conditions.® This variation is characteristic of the
spatial setting up of the constriction.

C. Model of Thermal Contact

The solid—solid contact is modeled by a great number of
cylindrical unit cells (see Fig. 3a).

This problem has already been examinated in steady-state
conditions (Degiovanni and Moyne?). Beginning with an exact
model, a simplified scheme, which is valid for realistic contact
conditions, has been built and is shown in Fig. 3b. The only
limitations are that the ratio of the cross section of the contact
spot (s) to the cross section of the unit cell (S) is lower than
1% (s/S < 0.01) and that the thermal conductivity of the fluid
A is lower or equal to the solid conductivities A, or A,. This
simplified model shows that the fluid resistance r;is in parallel

INTERSTITIAL FLUID r

MEDIUM 1 MEDIUM 2
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c) transient state

Fig. 3 Thermal contact.
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with the resistance of the contact spot (r,, + r,,) in series
with the constriction resistance (r,, + r,).

This result is exact when fluid' conductivity A; vanishes.
When A; tends toward A,, then the fluid resistance r, is much
greater than the resistance of the contact spot in series with
the constriction resistance (r; << r,, + r,; + I + ry). This
is due to the fact that s/S << 1. Then the contact resistance
is reduced only to the fluid resistance ;.

The expressions of the resistances are:

1) unperturbed media 1 and 2

_L L,
n = A]s r, = Azs (27)
2) fluid resistance
5, +
rp=- 3 ,SSZ (28)
3) contact spot
-5 Y
Tap = /\1S T;y = AZS (29)
4). constriction resistances
K - & (30)

Fy = 7,
4T ANVTS 2 ALVES

where K, and K, are functions of the geometry of the unit
cell (especially of the ratio s/S) and of the shape of the contact
spot.

Using an analogy with the steady-state approach, the sketch
on Fig. 3c is proposed for the transient state. In this sketch
the “wall” resistances (r, 15, r;, 7, and r,,z) are replaced by

“wall” quadripoles and the ‘“‘constriction” resistances (r., and
r,) by “constriction” quadripoles. This representatxon ob-
tained by analogy, may be demonstrated using long and te-
dious analytical calculations on the unit cell.

In Fig. 3¢, quadripoles /1/,/2/,/f/,/a;/, and /a,/ are of “wall”
type, thus

A = D = cosh(\Vp/a, L,)
C = §,A,Vpla, sinh(Vp/a, L,) (31)

B=(AD - 1)C

where

(%)
I

. =S8 for /1/,/2/ and /f/

s for /a/ and /ay/
A, = A, for /1/ and /a,/
A, for /2/ and /a,f
A, for /fl

. = a, for /1/ and /a/
a, for /2/ and /a,/
a; for /fl

L, for /1/

L, for 72/

8, for /a/

6, for /ay

8 + 8 for Ifl

t~ )
X
1] 1] A ] ] 1] I ] I

and quadripoles /z,/ and /z,/ are of “‘constriction” type, thus

A=D=
c=0 32)
B =z,

with z, given by expressions (21) and (23), where
A=A, for /zy/
= A, for /zy
a=a for /z,

a, for /z,/

III. Experiments on Real Contacts

A solid-solid contact between two copper solids, whose
contact spots areas can be varied, is studied. Other variable
parameters are the imposed mechanical pressure at the con-
tact joint and the pressure of the interstitial air.

The experimental device is made of a pile of two cylindrical
samples connected to a heating element on one side and a
regulated water-cooled box on the other side. Each sample
is composed of a Bi,Te, layer welded to two copper cylinders
(see Fig. 4).

A. Experimental Setup

The experimental setup is composed of a pile of six media
submitted to periodical thermal excitation (Fig. 4). The Bi,Te,
layer is used to measure the thermal signal before and behind
the contact; a voltage difference builds up between the two
copper parts, which is proportional to the temperature dif-
ference between the two sides of the Bi,Te, layer. All contact
joints are brazed with tin and so regarded as perfect with the
exception of the one being studied (see Fig. 4, contact joint
3-4).

In order to allow a comparison between model and exper-
iments, the temperatures differences F, = T, — T, and F,

= Ts — T, at the terminals of the Bi,Te, layer are used. A
computer program using the quadripoles method'® calculates
the temperatures amplitudes and phases) of the system. The
contact joint 3-4 is modeled either by a pure resistance or
by the quadripole described in Sec. II.C. The experimental
and theoretical results are then compared on Figs. 5-7.

B. Experimental Results

The common characteristics of all experimental tests are:
1) The electrical power of the signal lies between 1 and
10 W.

HEAT SOURCE —_—
. S aand
—’/ T1
Cu . e
PILE 1 BiTey -nve /
Cu .~ e o T2
frrrr
CONTACT
JOINT ~~ -7 """ 7°=~
- =114
Cu L. - 5
PILE 2 ] BiyTey -ve--.-
Cu .l - Ty

Fig. 4 Experimental device.
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Table 1 Experimental test conditions

Interstitial
Test Mechanical air pressure
number Roughness, m load Pa Pa
0 2 x 10-¢ 10¢ Grease
1 2 x 10-¢ 5 x 10° 10°
2 2 x 10-¢ 2 x 108 10°
3 10-3 2 x 10° 10°
4 10~ 3 x 10° 10
5 10-3 2 x 103 10

Table 2 Amplitude A and phase ¢ for various frequencies

Jf and signals
20 20 60 60 100 100
f, mHz A 9,° A ®,° A ?,°

Sinusiodal 0.419 72,6 0.141 109.5 0.074 131.0

Square har- 0.407 732 0.140 1138 0.074 137.0
monic 1

Square har- 0.407 723 0.143 1150 0.071 135.0
monic 3

AR
(degrees) }
1 Amplitude Phase 100
0,8 N = - 80
\ —
o’
\ ~~
0,6 74 60
N
4
N\
0.4 / N 0
N\
~
~
>~
0,2 S — 20
f(mHz)
0 20 40 60 80 100

Fig. 5 Comparison between theory and experiments for perfect con-
tact joint.

2) The frequency of the signal lies between 0.001 and
0.3 Hz.

3) The signal is either sine or square shaped.

The five experimental tests are summarized in Table 1. In
order to verify the model developed for this experiment and
to prevent from systematic errors, a perfect contact joint is
first studied using samples of low roughness (2 X 10-5 m)
under high mechanical load (10° Pa) and the interstitial air
being replaced by grease (test number 0).

Figure 5 shows a very good agreement between model and
experiment for the whole frequency range. This agreement
justifies the assumption of perfect contact joints between the
copper parts and the Bi,Te, layers.

The linearity of the system has also been tested by com-
parison between sine and square transient measurements. In
order to proceed to a conclusive experiment, it is necessary
to use a ‘““bad” contact so that its influence is the determining
factor. A weak pressure contact (1.5 X 10° Pa) and a great
size roughness (height greater than 10~° m) have been chosen.
The measurements have been made with various frequencies
(20 = f =< 100 mHz) with either a sinusoidal signal or the
harmonics 1 and 3 of a square signal. The results (amplitude
A and phase ¢) are presented in Table 2. They clearly dem-
onstrate the linearity of the phenomenon.

—_—————— - contact 1

0.8 ——-= ————  contact 2 et 3

—— - contact 4

1
\ —_— s

0,6

0,2

a) experimental results

0,8 R}

\ Experimental data
\\ tests 2- 4 -5

\ \\ — _. __ Theoretical data
\\ tests (1) to (7)
0.6 '

0,2

90 100
f(mHz)

b) comparison between theoretical and experimental results for a real
contact

Fig. 6 F,/F, amplitude.

C. Coimparison with Theory

Figures 6 and 7 compare the experimental results to the
theoretical ones obtained with a purely resistive contact model
for different values of the contact resistance R, [(1): R, = 0;
2:R, =104 (3): R, =2 X 107% (4): R, = 4 x 1074
(B)R. =6 x 1074 (6) R, = 8 x 10% (7) R, = 10~ Km?
W-1]. The agreement is good in the 0-0.02 Hz range, which
confirms the results from literature. Beyond 0.02 Hz, theory
and experiments differ significantly; the most surprising result
is that theoretical and experimental amplitude curves intersect
for the value of 0.04 Hz; at 0.1 Hz, a worse contact will be
the cause of a higher amplitude.

The pure resistive model did not compare well with the
experimental results. The results of the model developed in
Sec. II are therefore compared with the experimental data.
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15

3

5 {degrees)

120 /

-

_______ contact 1 et 2

/ T s

———— —  COntact 4

contact §

f(miz)

0 16 20 30 40 50 60 70 80 30 100

a) experimental results

2 {degrees)
150

120

60

——esm.  Experimental data : Tests 2-3-4-5

—— —  Theoretical data : Tests (1) to (7)

0 10 20 30 40 50 60 70 80 90 100
b) comparison between theoretical and experimental results for a real
contact
Fig. 7 F,/F, phase angle.

The chosen data for the contact joint are A = 395 W m~-!"

K%a=11410""m?>s ", R =10"*m;s/S = 10-3; 8 =
8, + 8, = 1075 m, where 8 is the spot thickness.

These values qualify rather large contact spots. The con-
striction impedance takes the form

Z,=2210*[1 — 102 Vf (1 + DK m W-1) (33)

For frequencies below 1 Hz, caiculations lead to the quad-
ripole :

A=D=1
B=2110"*K W~ m?
C=034fiWm2K-! (34)

The constriction impedance Z, is almost identical to a ther-
mal resistance. A capacitive term (C) appears which modifies
the pure resistive model. In fact, this term has no influence
on the theoretical curves (within a relative error of 10~*). For
higher frequencies, it would increase the phase angle, which
is in accordance with the experimental data, but would de-
crease the amplitude, which contradicts the experiments. Our
model is then unable to explain the data obtained for fre-
quencies higher than 0.02 Hz.

These quite surprising results are yet unexplained. The de-
viations could be due to thermoelastic effects—the contact
geometry may be altered with time—or to heat and mass
transfer effects—evaporation and condensation phenomena
at the contact spots scale. But the perfect linearity of the
system has to be outlined also.

IV. Experiments on Macro-Contact Joint

The foregoing experiments have shown that the concept of
a pure thermal resistance does not work for frequencies lower
than 0.02 Hz. The theoretical model developed is Sec. II.C
is almost identical to a pure resistance for frequencies lower
than 1 Hz. So, in order to test the validity of this model, it
is necessary to change the characteristic time of the contact
spot, that is to say to increase the value of r3/a as it is easily
verified in Eq. (25).

That is the reason why a new measurement setup which
may work either in steady state or in steady periodic state on
a macroscopic contact unit cell has been built.

A. Experimental Setup

The experimental setup is described in Fig. 8; it is composed
of a heat source, a heat sink (regulated waterbox), two flux-
meters and the contact cell.

The latter is made of a brass cylinder with a groove sim-
ulating a single contact. With such a system, it is possible to
calculate the theoretical quadripole associated to the contact
joint and to show up the influence of the constriction imped-
ance for lower frequencies than in the real contact case.

o

| e heat source

systes flux-seter

heat sink
(water box)

—r 8::::

a) experimental setup

1 a =10 mm

1 - Is 2°""“b - e
d A § = 1 mm

1 =19 mm

b
e

8

1
b) macro-contact cell

Fig. 8 Macro-contact joint.
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104 b (Degrees) ¢
0.8 I-20
0,6 1 . [-40
Anplitude
0,41 - -60
Phase:
0.2 F-80
Frequency {Hz) 3
0.0 T T -100
104 103 102 107"
a) theoretical curves
10 ® (Degrees) 0
0,81 --20
0.6 1  amplitude - -40
044 Phase k50
0,21 --80
Frequency (Hz)
0,0 T T -100
1074 1073 1072 107!

b) experimental curves

Fig. 9 Generalized impedance for a macro-contact joint.

The measurement device is composed of two thermocou-
ples and two flux-meters to measure the heat transfer in and
out of the cylinder.

B. Results in Steady State

Depending on the assumptions on the boundary conditions
at the contact spot (uniform heat flux density or uniform
temperature), theoretical calculations yield an overall thermal
resistance of 7.8 K W' or 7.1 K W~1; measurement (nu-
merous and difficult) give 7.1 = 0.7 K W~*. This good agree-
ment confirms the significance of this type of experiment.

C. Results in Sine State and Comparison with Theory

Being able to measure both temperatures and heat fluxes
in and out of the system, it is then possible to identify all
terms of the quadripole (A, B, C, and D). The observed
parameter of the system is its generalized thermal impedance
z, defined by:

Bt P

T,-T, =z, )

(35)

where T, T, are the input and the output temperatures, ®,,

@, the input and output heat fluxes: In steady-state conditions

®, = ®, and z, is equal to the thermal resistance of the system.
From a theoretical point of view, z, is given by:

z, = 2-‘15—1 (36)

In the particular case of macro-contact joint, the theoretical
modulus and phase of z, are shown in reduced form (with
respect to the steady-state thermal resistance) in Fig. 9a.

For frequencies greater than 0.001 Hz, the macro-contact
does not behave like a resistance; this phenomenon appears
on real contact joints for frequencies greater than 1 Hz, which
is very difficult to obtain experimentally; this result justifies
the present study of a macro-contact joint (artificial contact).

On Fig. 9b are shown the experimental data for this system;

a good accordance is obtained between theory and experi-

ment, which confirms the theoretical analysis given in Sec.
I1.

THERMAL CONTACTS IN TRANSIENT STATES

V. Conclusion

From the theoretical point of view, a model of thermal
contact resistance has been developed in transient state. Based
on a cylindrical unit cell, it takes into account both the setting

up of the heat flux lines (“constriction” quadripole) and the
thermal capacities of the contact spots and of the interstitial
fluid (“wall” quadripole).

On a macro-contact joint simulating a real contact on a unit
cell, the agreement between theory and experiment is good.
Some careful experiments have been carried out on real con-
tacts. They demonstrate the linearity of the heat transfer even
in unsteady-state conditions. But neither the classical pure
resistive model nor this new model are able to explain the
deviation between theory and experiment observed in the 20—
100 mHz frequency range.

Appendix: Constriction Impedance for a
Semi-Infinite Medium
Using the scheme of Fig. 2b, the problem is written

2 .
_1_6T=1_<_9_ oT +Q_Z (A1)
a ot ror "or 922
with the following boundary conditions (¢ > 0)
x=20 oT =-2 9<r< rg
ox A (A2)
=0 re<r
X — ® T=0 (A3)
and the initial condition
att =0 T=0 (Ad)

Use of Laplace transform with the initial condition (A4)

leads to
P,_10( 98 6
a 6= r or ( ar * 8z2 (A3)

Variables separations with the boundary condition (A3)
yields to

= f I A(a)y(ar)exp(—yx) da (A6)
with
Y = a* + pla(aand y > 0)
Use of the boundary condition (A2) where the heat ﬂﬁx q

(and so its Laplace transform ¢) is uniform and of Hankel
transform gives

A(a) = gffl(an)) (A7)

and therefore

Pry

b= J:,:o i Ji(arg)lo(ar)exp(—yx) da  (AS8)

The average temperature 8 over the circular area (x = 0;
r < r,) is easily calculated:

n * 2
9=lzj 02rdr=-2£J- -J'—(——m-gzda (A9)
rg Jo A Ja=0  avy
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The constriction impedance is then defined by:

- _— i
SR N S RS
®  wri¢  wAry Je=o s\/sz L P
a
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